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A Rigorous Control of Logarithmic Corrections
in Four-Dimensional ¢* Spin Systems.
I. Trajectory of Effective Hamiltonians

Takashi Hara'
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Using Gawedzki and Kupiainen’s rigorous block spin transformation method,
we study critical phenomena in @* spin systems in four dimensions. In Part T of
this work we investigate in detail the renormalization group trajectory of the
system not exactly at the critical point.

KEY WORDS: ¢ spin systems; rigorous block spin transformations; critical
phenomena; cluster expansion.

1. INTRODUCTION

Rigorous investigations of quantum field theories and of the critical
behavior in spin systems are among the most interesting and important
problems in current theoretical physics. Recent developments in this field
have established many fascinating features of the systems, including the
absence of intermediate phase in d>2 dimensions," the triviality of ¢
field theories in d>4 dimensions,® *' the perturbative nature of those in
d < 4 dimensions,® and the mean-field-like behavior of critical phenomena
in @4 spin systems in d>4 dimensions.>*® Taking all these successes into
account, it seems that now one of the most important and challenging sub-
jects in this field is to deal with the systems in marginal dimensionality
d=4, where the triviality of ¢* field theory and the existence of logarithmic
corrections to mean-field-type critical behavior”) are predicted. Among
promising attempts in this direction,®® the Kadanoff-Wilson renor-
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malization group method,!”) or its possible rigorous version, has been
expected to be a powerful tool in investigating such subtle behavior of
systems with infinite degrees of freedom.

Recently, in a series of papers,** ' Gawedzki and Kupiainen have
presented a new rigorous approach to block spin transformations. Among
other outstanding results, they have succeeded in tracing rigorously the
renormalization group flow of the weakly coupled lattice @2 system (ie., ¢*
spin system in four dimensions) which is exactly at the critical point.!'®
This, in particular, elucidates the long-range behavior of critical A¢j} spin
systems (e.g., critical exponent equality # =0, a logarithmic correction to
scaling behavior of energy—energy correlations’®), and establishes the
infrared counterpart of the triviality of g} field theory for a sufficiently
small value of A.

In the present and following papers,'® we extend their analysis to
study @f spin systems not exactly at the critical point. In particular, we
study the critical phenomena that take place when the system approaches
its critical point (from the high-temperature phase), and establish the
existence of logarithmic corrections to the behavior predicted by the mean
field theory. This is accomplished by tracing in detail the mutual difference
between two renormalization group trajectories in the vicinity of the
Gaussian fixed point.”-'?)

The present paper contains the first part of the program, and is
devoted to the study of renormalization group flow in the ¢} system.

In subsequent work‘'®’ we extract logarithmic corrections from the
effective potential thus obtained.

The organization of this paper is as follows. In Section 1.1 we define
our model and the block spin transformation, and in Section 1.2 we list
some notations. Section 2 is devoted to stating our result. In Section 2.1, we
explain the basic idea of our analysis; in Section 2.2, we list the inductive
assumptions used to describe the effective Hamiltonians; and in Section 2.3,
we give precise statements of our results.

In Sections 3-7, we present the derivation of the result.

This paper is not self-contained; some knowledge of Gawegdzki and
Kupiainen’s program'!*'¢ js assumed.

1.1. The Model and Block Spin Transformation

The Gibbs measure of a ¢* spin system on a d-dimensional hypercubic
lattice 4, is defined as

dp(@)=Z"" exp[ — A (@) [T do., (L)
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where xe Agc 24 9. e R, ®={0.},,
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G§¢) is a massless Gaussian propagator with infrared regulator £ (=1) and
Z is determined by the normalization condition {du(®)=1. For any

function F of ®, its thermal expectation value is defined by
(F> Edeu(m) (1.3)

We take A, as a d-dimensional torus of side L".

The Kadanoff-Wilson block spin transformation (BST) performed in
this paper is defined as the following transformation from an effective
Hamiltonian 4 (®) to another #'(®):

e”‘yf/(‘p)_:_JVJnd(p 1—[ 5((/)/ _C~l/2L—((1+2)/2 z (py>.€-yf(‘p)
v x

xieZ? ve B(x1)

(14)

where ¢’ is a block spin variable, x, € 4,, and B(x,) is an L%block (<= 4,)
centered at Lx,. Here .4/ is a suitable normalization factor (so that
e~ 7"®=1), and { is the ratio of wave function renormalization constants

or=z, LT Y g, =57 ),

ve Bx)

énEZn-Fl/Zn

We usually denote the first effective Hamiltonian by #° and the nth
one by #", but sometimes abbreviate #" as #, and #"*! as #’. Our
aim is to investigate #" in detail. In this paper, as in Ref. 16, we perform
estimates that are uniform in the volume of the original lattice 4,. So in the
following analysis, we assume A, to be sufficiently large so that the block
spin transformation considered can be performed. (E.g., if we are to per-
form BST # times, we take N> N, +n.)

1.2. Notations

We use mostly the same notations as in Ref. 16. We denote field con-
figuration {¢,},.y (X is a subset of Z“) by ®.

Ao four-dimensional torus (< Z*) with side LY, N>0

A4,: four-dimensional torus (= Z*) with side LY "
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We also denote the number of sites in A, by A,.

4:  four-dimensional hypercube of side L™, with N,=8
{4, the number of A’s in A, (=L*N—M—n)

x|, xe Z*: the metric on Z*, defined as [x| =34 _, |x,|, for xe Z* (our
definition is the same as in Ref. 13, but is twice that of Ref. 16)

%], x€Z* x|, =max,, |x,]
1X|, X is a paved set: the number of L*" blocks 4 in X.

L(X), X is a paved set: the length of the shortest tree connecting the cen-
ters of 4’s building X

A" the effective Hamiltonian after n BST
dug: mnormalized Gaussian measure with mean zero, covariance G

G4"9:  massless Gaussian propagator with infrared regulator L*'¢ after n
BSTs applied to Go=(—4) ' [see (2.13) of Ref. 16 and Appendix. Also
see note added in proof. ]

o, Q,, 7,: the same as in Ref. 16
We also use massive versions of these Gaussian propagators and kernels.

G'*): massive Gaussian propagator obtained by applying BST » times to
G =(A+ L ) !

Note that p, refers to the expected mass on A,, not on A,.
QU and 7 ) are defined in the same way.

=] de [y (12700, (L2700 420204, ,, (L)
0

I,.: Bounds on [, (and I, u,=>0); I_<1I,<I, (see Section 2.1)

Quantities without the superscript (u,) are massless ones.
As for field configurations, we use:

A,(X). same as (4.1) of Ref. 16

D, (¥): same as (4.10) of Ref. 16

24D, X)= {ALPD" x + ¥ D, (A ®") = D, ¥ = A, (X)}

We abbreviate 2% as @),
We sometimes omit the subscript or superscript » when it is obvious
from the context.
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2. MAIN RESULTS

In this section we state our main results concerning the noncritical tra-
jectory. Because the statements themselves are rather complicated, we first
(Section 2.1) describe our general idea of treating the noncritical trajectory,
then state inductive assumptions used to describe the trajectory, and finally
state the theorems in terms of these inductive assumptions.

2.1. General Framework of the Analysis

There are two problems in treating the noncritical trajectory.

The first one is typical of treatments of a critical (or nearly critical)
theory: We do not know the exact value of the critical point u,.

The second one is specific to the noncritical trajectory: The mass term
is relevant, and will grow like L*"!!

The first problem is solved by analyzing a noncritical trajectory in
terms of the critical one, rather than analyzing the noncritical one directly.
That is, we investigate the mutual difference between critical and noncritical
trajectories very carefully."!”'*) Then, since the result of Gawegdzki and
Kupiainen gives us sufficient information on the critical trajectory, we can
obtain sufficient information on the noncritical one as well.

The second problem is solved by performing perturbation expansion
around massive Gaussians. (Recall that the result of Gawegdzki and
Kupiainen showed that critical theory = massless Gaussian + small correc-
tion.) That is, at each step of the iteration, we perform the “mass renor-
malization” (as well as the “wave function renormalization™) to eliminate
the mass term, and express the noncritical theory as massive Gaussian +
small corrections, without mass term. It is the (mass)? of the Gaussian
propagator that grows like L*", and we can perform the perturbation
expansion for this “small correction.”

We perform the actual analysis by dividing # (number of iterations)
into three regions (see Fig. 1):

Region I: The “mass term” is quite small. Here we take the mutual dif-
ference between critical and noncritical trajectory, expressing both as
massless Gaussian + small corrections.

Region II: The “mass” is not so small nor so large. Here we perform
the perturbation around massive Gaussians by expressing the effective
Hamiltonian as massive Gaussian + small correction.

Region III: The mass is extraordinarily large. Here we do almost the
same thing as in region II, but we have to take the “large mass” into
account carefuly. :
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Fig. 1. A schematic view of a renormalization group trajectory and the regions 1, II, and IIL

Throughout the following analyis, we fix the initial vaiue of 4 to a constant,
and vary only the initial value of p. The initial value A, is chosen suf-
ficiently small so that the proof of Theorems 2.1 and 2.2 can be carried out
(so that the bound B1, holds for A, for n, of Section 2.2).

2.2. Inductive Assumptions and Bounds

Here we list inductive assumptions and bounds used to describe the
effective Hamiltonians. There inductive assumptions and bounds are rather
complicated, so the bored reader can first skip to Section 2.3.

First we list our choice of various constants. The explicit values should
not be taken seriously, because they are far from optimal.

Choice of Constants. 0<a=a(L): sufficiently small: f=6a; L>L=
513: odd integer; I =10"2 I, =iInL+37/2; C,=I"% C_=(21,) %
No= Nyo(L): large; Co= Co(L); Co= Co(L, Nyo); C,=C (L, Ny, C,); and
fig = fig(L, Ny, Co, Cy, C,), with C,, C,, C,, and #, sufficiently large as in
Ref. 16, e.g.,

iy ~exp(L?) 2.0

Now the effective Hamiltonians of critical theory and of noncritical
theory (in region I) are expressed as follows.
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A,. General Properties of the Effective Hamiltonian

n-

exp[ —a#"(@")] =exp[ — }(P", G, 'D") T exp[ = V' (¥") i v
exp[ — V"(¥") ] =exp[ — V3(¥")] exp[ — V%L ,(¥")]

V3(¥) and exp[ — V7%, ,(¥")] are analytic in ¥ on 2,(D, L~"4).
Al

vy = [ e (- %) ooy

Mo

+ X [ da [ dy (), (0,00~ 0,0)0,97)

A2, The term exp(—V%,) is analytic on Z,(D, L "4) and has the
representation

exp[— VL (¥")]= T [H g;@f’(\v")} exp[ — VU (¥")]

{xiy by

Here 3y, runs over the collections of paved sets such that X;n X,= &
(i#£)), D=(J X,), each Dn X, is a nonempty union of connected com-
ponents of D.

A2a. The term g%”(¥") depends only on ¥, even in ", analytic on
2,(D, X), and satisfies the bounds to be specific later.

A2b. The term V{¥} depends only on ¥" _,, is analytic on
3A,(L7"A\D), and has a representation

V=21 de@nt+ L Pa¥)t T Vel
re~D Yo ~UXx; Ye ~UX;
where 7,,(¥") is the restriction to the diagonal of a quartic nonsymmetric
form V,,(¥7, Wi, W7, ¥7). Here 7,,(¥7, ¥z, W%, ¥7) depends only on
¥|,, and ¥ enters V,, (W7, ¥4, ¥4, ¥%) only through its differences at
each pair of points, and

Al -
Vaarl¥)= =38 T | de | dy (Qu, WIPW + VoY)

Here, V., (¥") depends only on ¥|,, is analytic on 3.#,(Y), and has the
Taylor series starting with sixth term. As in Ref. 16, X', 4, means that the
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term appears only when 4, U 4, =Y. (Otherwise, it should be regarded as
Zer0.)

Inductive bounds to be used with the above assumptions are as
follows.

B,. [Inductive Bounds (on Critical Theories)
Bl
C_ << C,
ng+n ng+n
B2

|l < (ng+n) =

Ry

)

B3. On 2,(D, X),

da L dy | A |- |x-y12/’3<(l’l0+i’l)73/2 expl —aF (4,0 4,)]
2

1

|25 (%) <oxp [canth — (224 de iyl

[l

+a, | de(Imyn)t— ay(x)]

DX

B4. On 3A4,(Y),
Wy (FI < (ng+n) > exp[ —aZ(Y)]
|V 26 AW < (ng+n)"* exp[ —aZ(Y)]
BS

o — U S (ng+n) >

C,. Inductive Bounds (on the Mutual Difference in Region I)

Here mutual differences of various quantities of critical and noncritical
theories are bounded. 4, stands for (1,)criicar-

Cl
|(;“n)"c—~ (j'n)c‘ < (n0+n)71/3j’n|A:u’n|

[ e[ dyla—ylP 1008 )~ (A0
4y Y4y
<1yl (mo-+1) "2 expl —a (4,0 4,)]

where A.un = (.un)nc - (Mn)c'
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C2. On #AD, X),

(857 e — (57Nl <A1l (20 + 1) oxp [cz|DmX| ~ (24l

m

VA, me d (Tm ) — ocf(x):i

C3. The difference of ¥,, can be written as
I74)’(“’”)}1('_ I’741/(‘1'”1)6
AP0 = a2 Y [ de | dy (@), n v
"6 (41,424 42 B
with bounds on AIZY and 4V 4y on 34,(Y):
| AV 3 (¥")] <|Ap,| (ng +n) "7 exp[ —aL(Y)]
14V 56y (") < |dp,| exp[ —aZ(Y)]
4

|(Cn—l)m’_ ((u—l)(" < (”0 +n)77/9 |A:un]

The second set of assumptions and bounds describes noncritical
theories not close to the critical one.

D,. General Properties of Effective Hamiltonians (in Region II)

We have

ne

exp[ —#"(®")] =exp[ — 5@, GV~ '®") ] exp[ — V"(¥") ]| wr_ ostinan
and exp[ — V*(¥")] is analytic on 2%)(D, L~ "4) and can be written as
exp[ — V"(¥")]1=exp[ — V5(¥") T exp[ — V2 ,(¥")]

DI

V(P = fdx_g(un L)+ Y dxfdy (A1), (0 —0,47)(0,¢7%)

I,V

D2. Same as A2, except that we use @), o/ (%) and Q) instead of 9,
o, and Q,,.

822/47/1-2.5
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E,. Inductive Bounds (in Region II)
El

c_n << 2C, ’
ng+n ny+n

i,z (ng+n)~"

E2
[ dz| dylors, (o= ) <to+n) P expl—aL(d, 0 4)]
Ay a2

E3. On 9D, L~"4),

1/2 .
| gP(¥P")| <exp [C2|DF\X| > J a'/l/w/;jlz
24 DnXx

4, jm de (Im )~ ocf(X)}

E4. On 34,(Y),

|74y (¥ < (no+n) " exp[ —aZ(Y)]
756 (P < (no+ 1) expl — 2 2(Y)]
E5
Cams = < (o +m) 2
F,. General Properties of Effective Hamiltonians (in Region III)

Same as D,, except that we use 2%, ), instead of D™, A,.

nn’ my

G,. Inductive Bounds (in Region I1I)

Same as E,, except that we use g+ 1, @ﬂn » Ao, instead of ny+n,
@ A, That is

Gl

2\ 1 —np

+np +n’
o1y Ao TH,y

G2

| da;j dy | A ||z — P < (ng+ )~ expl 0L (4,0 45)]

41
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G3. On 20D, L~ "4),

/'{ 1/2
|83 (¥")] <exp [cz|DnX| - (51) | dewp
DX

Y, f d (Im Y )* — ag’(X)]

G4. On 3.4,(Y),
|7 ()| < (no + 1) = exp[ —a.2(Y)]
|V 26y (¥")] < (no+ 1) "2 exp[ —a2(Y)]
G5
1Cp 1 = 1 < (ng +my) =2(2/L) 02

R. Recursion Relations

We also list the recursion relations of 4,, u,, etc.
R1

Angr = Ay = A= 3L, +021), |0 < (ng+n) ™M
R2
foer =L, +0p", 0| < (ng+n) ="
RD. Recursion for Mutual Difference ( Region I)
Ay = A, L(L =32, 1, + 5ou%)
1017 < (o + 1) 71 + (g + ) 10| Ap| >

Here 4, stands for (4,),.

RM. Recursion for Noncritical Theory (Region II)

Boer=L,+01° 1007 <(ng+n) 2"
honst = ha == 3+ 01%), 164 <(ng+n)V

RN. Recursion for Noncritical Theory (Region III)

fl sy =L70,+6p°, 61°] < (ng + n) ~¥/8(2/L)t =)
Aoy = A4 605, 162°] < (g +n) ~158(2/L) =)
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2.3. Main Results

Now we can state our main theorems. As was stated at the end of Sec-
tion 2.1, we fix the initial value of 1 to a constant throughout the following
analysis, and vary only the initial values of u. The initial value of 4 is
chosen sufficiently small that the proof of Theorem 2.1 and Proposition 3.1
can be carried out. (Of course there exists such 1> 0. See Section 3.)

First let us recall the result of Gawgdzki and Kupiainen, which charac-
terizes the behavior of critical theories:

Theorem 2.1 (Gawedzki and Kupiainen®). Consider a theory on
A,, and fix the initial value of A sufficiently small. Then there exists (at
least one) critical value u . (4; Ay), and if we start BST from the initial value
(., A) then e~ *" (n < N—N,, A,= L*") satisfies the above assumptions
A, together with the above bounds B,,.

Remark. For finite A,, u(A; 4,) is not unique, but exists in some
domain of R. For the infinite-volume limit, see Theorem 2.5.

For noncritical theories, which are of particular concern in this paper,
the following is proven.

Theorem 2.2 (Trajectory of noncritical theories). Consider a
theory on A,, fix A sufficiently small as in Theorem 2.1, and consider a
noncritical trajectory of #” starting from (g, 1). Denote ¢ = u— u.(4, 4,).
Then for n < N— N, we have the following results.

Case a. 0<t<(ny) "

There exists n, = 1 specified by (2.2).

(i) Regionl. For n<n;, e~ " satisfies the assumptions 4,,, and the
difference between this noncritical theory and the critical one satisfies the
bounds C,. Here n, is defined as the minimum positive integer such that

Aﬂnl—lg(n0+n_1)7la A.unl>(n0+n1)‘l (22)
Moreover, for 0<k, n+k<ny,
(L/2)F < Ap,y o i/ Ap, < (2L (2.3)

(ii) Region IL For n; + 1 <n<n, +15(ng +ny) (=n'y), e~ " satisfies
the assumptions D, together with the bounds E,,.

(iii) Region II. For nj<n, e *" satisfies the assumptions F,
together with the bounds G,,.

Case b. 1> (ny) "
In this case, the trajectory starts from (ii) or (iii).
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Case c. —(ny) '<1t<0.
As long as n<n,, the trajectory is specified by (i).
v

The proof is presented in Sections 3-5.

Remarks.

1. We present a schematic view to the trajectory in Fig. 2. Note that
A" stays in the vicinity of the Gaussian fixed point (i.e., in region 1) for
arbitrarily long time as f — -+0. (See also Theorem 2.3.) In other words, the
behavior of #” in region I will play an essential role in the study of critical
phenomena (even in the low-temperature phase!).

2. If one is interested only in the trajectory with £ >0, it is possible to
analyze it in a somewhat simpler way. That is, one can combine the
method used in region I and that used in region I, and analyze the trajec-
tory in regions I and II in a unified manner. But such a method cannot be
used to analyze the trajectory for 1< 0. For this reason, we perform the
analysis in three steps.

3. The trajectory of a hierarchical model in region III was
investigated by Ito.”

4. The BST in a uniform magnetic field is exactly the same as that
without one, except that the magnetic field itself grows like L*". (How to
extract physical information is a distinct problem.?")

A Il‘

| o

",

& \
NS

NN

‘l/ i

Fig. 2. A magnified view of the renormalization group trajectories around the Gaussian fixed
point. The dots indicate #°" at every 108, say, iterations. It can be seen that " stays in the
vicinity of the Gaussian fixed point (in region I) for arbitrary long time as ¢ — +0.
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5. Investigation of the trajectory in the low-temperature phase (out-
side region I) is quite an interesting open problem.

We can also prove more refined bounds on the behavior of u, and 2,.

Theorem 2.3 (Refined Bounds on Trajectory):

(i) When [¢f] <(ng)”', n, [defined in Theorem 2.2 and Eq.(2.2)]
satisfies

Injell~lnny _ |t —Inn,

<n < { 24
L+l S 2mio1 T (2:4)

(i) When |¢| <ng'L™* and 33<n<n,+ 1, du, satisfies
tL>n PR (L, Ny, no)*1 <Ap, <tL¥n~'R(L, Ny 1) 25)
where
R(L, Ny, ng) = C(L, Ny)(ng)< =N

with C and ' finite positive constants depending only on L and N,.
(iti) When 0 <1< (n,)”", fi, of assumptions D, satisfies, for

0< <9 +\ln|t||~1nn0
SHST\ T I m Lt

the condition
L2n1+2m tLZm-%—Zm

5 S m < 2RY(L, no)W

(ny)

The proof is presented in Section 6.

S Ry(Long)”! (26)

As a corollary, we can prove the following, which will play an essential
role in extracting the logarithmic corrections in Part IL.

Corollary 2.4 (To Be Used in Part II). Given M(L, Ny, ny)> 1,
consider the noncritical trajectory for 0<t<(n,)'. Define n,>0 (if it
exists) as the smallest integer such that ji, , .. > M. As long as

—Intz2Q2+1/mnLYIn(2M)—2n,In L
then n, exists, and

M< i, 0 <2L*M (2.7)
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Moreover, n, +n, and M are related by

M ILZm + 2ny
— <——5-<2L*MR 2.8
2R, S (m)” ! 28

So far, we have been considering a theory and BST on 4,. Let us now
consider the infinite-volume limit (A, —> Z*) of u.(4; 4,). We have

Theorem 2.5. Consider a sequence of p.(4; 4,) of Theorem 2.1 for
fixed 1. As we let 4, — Z.*, (the existing domain of) p.(4; A,) converges o a
point in R. We denote this point by p.(4):

hm p(4; 4g) = p(4) (29)

Ay — Z4

The proof is presented in Section 7.

Remark. As mentioned, for finite 4, u(A4,) is not unique, but exists
in some range of R. The above proposition tells us that the existing domain
of u(A,) shrinks to a unique point of R as 4, — Z*.

3. TRAJECTORY IN REGION |

Here we fix the initial value of A suficiently small (as in Theorems 2.1
and 2.2) and vary only pu. We consider the case |7] < (n,) ™
Theorem 2.2(i) is proven by the following inductive proposition.

Proposition 3.1. Suppose (#), satisfies 4, and B,, (), satisfies
A,, and the difference satisfies C,. Then as long as |4u| < (no+n)~?,
(H#'),. satisfies 4,,, and C, ., together with the recursion R1, ., and
RD

non4+1-
Proof of Theorem 2.2(i) Assuming Proposition 3.7. Because
Proposition 3.1 itself iterates, we have only to show the existence of n, and

the rough bound (2.3). But these can be easily derived from RD as follows:
As |4,1,— 6p?| is extremely smali, RD immediately yields

L2/2<A#n+1/Aﬂn<2Lz
This means that (L>500) [4u| is monotone increasing in »n, while

(ng+n)~ ! is monotone decreasing. Thus, n,, specified by (2.2), exists and
the bound (2.3) holds. |
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3.1. Proof of Proposition 3.1

Because Proposition 3.1 is a natural extension of the result of
Gawedzki and Kupiainen, we only present a rough sketch here. The
(n+1)th effective Hamiltonian is given by [Ref. 16, (2.38), (2.39); also see
note added in proof].

exp[ — #'(®)] = expl — @', G, 1 ®)] expL— V'(¥) iy - 0
expl = V(@)1 =exp | 41 -0) [ o (0,07

x [ duy(Z) {expl = V(L0 + 2)]}(¥' =0) (1)

Now the basic idea is quite simple: Take the difference of everything!
That is, we write down expressions for various quantities for both critical
and noncritical theories after Ref. 16, and estimate their differences. How to
proceed will be almost clear from the form of inductive bounds C.

For example, to take the difference of (W”,),. and (W), we write
each of them as [compare Eq. (7.4) of Ref. 16]

(Wa)ne — (W),

= <(VLA)nc - (VLA)L->0
- %{<(VLA)m'; Viadnero— <V ra)es (Lpg)evo

jds L =5V 1a)nes Vitdnes (V ishne D ome

=LV ia)es Via)es (VLA)C>5,L'}
+ Opf{expl —e(no+ 1)1}, — Oolexp[ —e(ng+n)'?1},

and estimate each term using the bounds B for critical theories and C for
differences.

Other quantities are treated in a similar way, using various inter-
polation formulas to connect the critical theory (s=0) to the noncritical
one (s=1). We mate two remarks.

Remark 1 (Concerning the critical trajectory) The method of
Ref. 16 does not yield the desired bound on V. We have to treat 7 as was
done for 7, in Ref. 16. That is, we separate W', 4, into W/6y and W5,

)= 05 T [ e dy (B ), 00 W)

(d1,42,43)
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and define
Wam =3 3 | de] dp (g, 00w,
= — — v - B :
o 72 (41,47) 41 Ay v Laly ¥
and
PP = WLy (E20) + WAEV )
;\42

+ n+1 Z

72 (41,42) JAI
Then this 7%} satisfies the desired bound B4.

do | dy (@), (0P W))°

Remark 2. To take the difference of g%* 7, it is more convenient to
use the following p, g, instead of p, g of Ref. 16:

ﬁézispﬁfexp{ 5 [W;,(0>+W;A(‘P')J}

A« X' nD’

Il

g%

Yoo Y Y TR 1T {expl Wy (0)+ Wiy 11}

(X} (Vb Yamd (¥} v oz

X H [exp( Wi‘)’ﬁ_*_ W’GY{;)'% 1]
B
A
X eXp {— Y W;“A—I—aj;?\p/ ()

4= X\D’

£ Y o
i d<yYeD
We thus make full use of expected cancellations between large-field
contributions, and take the difference efficiently.

4. TRAJECTORY IN REGION Ii

Here we investigate the noncritical trajectory not too close to the
critical one.

In Section 3 [or Theorem 2.2(i) ], we have done the iteration until Ay,
grows to (no+n)~'. Because |(u,),] < (ny+n)~*?, this means (originally
B> )

(Hadne = (g +1) " = (ng+ 1)~ Y2 = (9/10)(ng +n) ™' (4.1)

This is sufficiently massive for us to perform the iteration without referring
to the critical theory. In this section, we will consider the noncritical theory
only, so we will omit the subscript nc in the following,

First, we consider the effective Hamiltonian at n=n, + 1.
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Lemma 4.1. Consider the BST fom #; to n,+1. The #m+!
satisfies D, ,, and E, ,,, except for El, with the following recursion
relations:

B=Lu+6u",  [5p*1<(ng+n)="

(4.2}
Rl for A A

Proof of Theorem 2.2{(ij) for n=n,+1, assuming Lemma 4.7.
This is almost obvious. We omit the details. |

Now for n>n, + 2, we use the folowing inductive proposition.

Proposition 4.2. Suppose #" satisfies D, and E,. Then #"*!
satisfies D, , , and E,, ,, except for El,_ ,. Here the recursion RM,, .,
also holds.

Proof of Theorem 2.2(ii), Assuming Proposition 4.2. First note
that the proposition itself iterates only if we can prove, in addition, the
bounds E1,, .

Case a. The bound on i, .
We use the recursion relation RM for j with the bound on f,, |d,] 2
(no+n) ™', yielding

foy12L(no+n)" ' —(ng+n) " =(ng+n+1)""

Case b. The bound on 4, ;.
We write n=n, + m. First note that as >0, I'<17, .
The recursion relation RM, 4, 1, for n, <I<n, +n, is

A= A01— 4312 — §4°)]

Now take the inverse of both sides using 1 + x< (1 —x)"'<1+2|x| (for
(x| <1/2), and take the summation over /:
Ry +m
('111; +m+1)71 - (j'nl)—l < Z ‘315/1’) + 251}!
| == a1y

Ay +m
> Yy o

f=r
Estimating the summation by the bounds on I, and §1°, we obtain
)u”'* L= ;i"”‘l +m-1 < [{’}'m)—l — 2(”0 +n1>8f93 -

Cy
< _ 875
no+ny—2C, (ng+ny)

(4.3)
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This yields the desired upper bound as long as, e.g., m < (9/10)(ng +n,).
The lower bound can be obtained in a similar (in fact easier) way. |

Lemma 4.1 is proven in Sections 4.1-4.4. For this, we assume that the
reader is familiar with the method of Gawedzki and Kupiainen. We first
assume 0 < i’ < L3(ny+n)~!, and then check that we can in fact choose
such fi'.

Proposition 4.2 can be proven in the same way as Lemma 4.1, so we
will omit its proof.

4.1. Expression of the Effective Hamiltonian

Let us first recall the formulation of Gawedzki and Kupiainen, which
we used in Section 3. We have the relation [(2.30) of Ref. 16]

it (@") = dyt;-16,, (€" ') x du, (2") (44)
This, combined with the expression of the nth effective Hamiltonian
dd" - ¢ —HMP") d,an((Dn) e~ V"("'")|-y,g/"¢pn (4.5)

led us to the formula (3.1). In (3.1) the (n+ 1)th effective potential was
given by V(W ), Wit l= o7 ®"+! (see note added).

On the other hand, here we want to obtain the (n+ 1)th potential as
VPP, but W = o/ @" ! Moreover, we want to express the
Gaussian part in terms of G, rather than G,,,, and in addition,
exp(—#"*"') must be analytic on 2“(D, L~"A).

For this purpose, we use the relation of Appendix B, Proposition B.2.
Here it reads

(®’1+1’ (Gn+l)4l(pn+1)
— ((Dn+1’ (G}(ﬁ;)l)~lq)n+l)
— @@L QI @)~ [ [ de (0 e (46)

and the kernel &7 satisfies

[(8]),| < const-exp[ — f]x~ y|] (4.6')
Substituting this into G, ; of (4.4), we obtain
it (®") = ditgy (®"+ 1) x duy (Z7) x e~ (47)
SE=3(L,— 1)@, (GF)) " @+ 1)

= 3 W@ (SD), @) =4, J dee (Y, )l = wmigns:
(4.7')
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Equations (4.7) and (4.5) give (see note added)

d¢”+ 1 exp[m%on+ 1(®n+ 1)]
= dﬂgg}l(d)n+ 1} exp(~éE)

[ () {expL = V(0" = PL ¥ 2)7)

X (P = 0) et g, nt (4.8)

‘We still have to rewrite
){mf%— 1 . K+iq}fz+}

in ¥ in favor of
P o ) (Pt

EE]

Recall that exp[ — #{¥)] had a physical maning only when ¥ = &/ ®. {We
extended ¥ to be complex in order to perform BST.) Taking this into
account, we define ¥”*! as a function of ¥

vtz + [ dy a0,
9 = '5?@,{3;3 — ’Q{{ﬁ’)

(4.9)

where [ ] denotes the closest integer to 3. Then we can rewrite (4.8) as

do+ 1 exp[_(%ﬁn»k l(d)n+ 1)]
=dug (®" ") exp(—SE)

x [ din (2) (expl ~ V(0" = LPL (¥ + 9W'} + 2)])

X (‘P'-:O)wa'qvg_ﬁ;;ﬁ.;)lq)n-é-l (4.10)

Now, as in Section 11 of Ref. 16, we extend 4 (until now defined only for
¥ = o/ @) to a suitable analytic function of ¥/, and for

¥ e @YD, L") (4.11)
define

exp[ — W'(¥')] = j du(Z) exp[ — VAL~ ¥ + QW' } + Z)] (4.12)

exp[ — V" (W) ]=exp[ —OE(¥)]
xexp[ — W ({V2¥")]fexp[ — W"(0)] (4.13)
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Then, formally, exp[ — V" }{(¥’)] is analytic on (4.11) and satisfies all the
desired properties.

This is the desired expression of exp(—#""'). Now we have to
estimate exp[ — W"(¥’')], rewrite dF, and turn them into the form of
assumption D, , ;.

4.2. Decoupling Expansion

To estimate (4.12), we perform a decoupling expansion similar to that
of Gawedzki and Kupiainen {Ref. 16, Section 5).

1. Localize the regions where & is large.
2. Mayer-expand ¥,, and V_,,.
3. Decouple the nonlocality caused by the kernel .#, relate & and Z.

3. But here is one more source of nonlocality: 2 =.o/ —.&/*). To
decouple this, we introduce the parameter ¢ (as well as s) and define [cf.
Ref. 16, (5.12)]7

(@t)myz{ ey myel
12, zelU,, yelUg

and use similar interpolation formulas.
37, As a result, we have [cf. Ref. 16, (5.23)]

exp[— W' (¥')]

=YY ¥ ¥ ZJHST(%Hg P(w)

po{X} (Y (7} (%)

xoxp| = [do (=138, )0~ 5 5 Popl7)

i YoX;

il de | =IL (- o) - 1)

x H [exp(— 7 2ay,) — 1] 7,(®) du, (D)
Y= LN+ 9 + 2
Here {%,} is a partition of {U,}, and

ST@)= Y. | dir ds,0,,3,,

ry.r,

2 This ¢ should not be confused with the temperature, =y — u,.
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where the summation over I', and I, runs over all ¢~ and s-graphs such
that I",u I'; connects all U, e%.

4. Separating the contribution from Y =4, and turning this into a
system of disjoint polymers, we have

expl— W' (¥)1= 3 [ pR(¥) expf— Y W (‘P')}

(x5 v A< ~D

W(¥') = [(5.26) of Ref. 16, with ¥°= L~ {(¥' + 2°%') + 2°]

PRWI=E Y T T[St TT e

p {Xl} {Yz} {Yﬂ}

xexp| — [ do (48 )7 =3 T Popl#)

i YoX;

j‘ S~
5l e (zp;')ﬂ T Coxp(— Pap)— 1]
x| ] [exp(—=Fsay,) = 1]

B
XXﬁ(ZLX’)d:ul(ZLX’) exp[ Z WZ(\Y’)}

A< XN\D’

(The summations are almost the same as (5.25) of Ref. 16, except that LX’
is connected by a graph made of s- and #-lines.)
This is the desired decoupling expansion.

4.3. Evaluation of W/}, and Polymer Activities

First let us evaluate W’. This is done in almost the same way as in the
case of W, (Ref. 16, Section 7). The only difference is the appearance of 2°
in the definition of ¥°. But since we are expecting |p'| <L3(ng+n)~",
|2°| < O(1)(ny+n)~!, and the contribution from 2° is quite small. The

result is

AW )=[W,(¥)of (7.22) of Ref. 16]

th| de | dy 25007

L[ do [ dy (L2900),,0, Vo)



Logarithmic Corrections in 4D @* Spin Systems, | 79

Now let us turn to the evaluation of p . In this case, the contribution
from 2° is also small, and is treated by the Cauchy estimates. We allow
complex values for ¢,

|1l < (ng+ 1) exp(B/2 d(Uy, Up)]
Now, since we are expecting |i’| < L(ny+n) ",
e (LD UR,,U,) for Wellg@(p, L+ )

We can thus use the induction bounds for #”, and proceed as in Section 8
and 10 of Ref 16. Because we have allowed such large values for ¢, the
Cauchy estimates show that the difference caused by the appearance of 7 is
quite small. The result is

pt=[p% of (8.24), Ref. 16]

0y dezdyQy,rW’r(w;)s

(d1,42) "1

thul? Y| de| dy (1375),,0, 0.0,

(41,42, 43) " 41 4
/ L2 AN\
prori<e [ @D axi=2(2) [ aer
T\ s
A, j do (Im ', )* — Say(x)]
DX

for ¥ e (L/8) 2(D', X').

4.4. Determination of A, j¥’, and the Large-Field Bound

First let us determine 4. We proceed as in Section 9 of Ref. 16. The
explicit difference between our case and that of Gawegdzki and Kupiainen
resides in only the following two terms:

uy J dmdeg%_zw;(l/f;f

(4y,42) "1
o Y | de| dy (270100, 0.0
(41,43, 43) " 41 42

But, because

L dy QW=L dy D%m‘ﬂiffl]]: Y, (Oyra1— 051 =0
2 2

yeds
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the first term can be rewritten as

~0 Y | de | dy @, vilw, - 0]

(41.42) "4

This is exactiy of the form of ¥, (the fourth variable enters as “difference”)
and thus has no influence on A"
The second term can be treated similarly; because

[, dy (Tii)is, =0

we can write it as

il Y | de | dy (1PF0) 0, VLW — ()]

(A1, 42,43) "N 42

This is again of the form of ¥,. We thus have the same recursion relation
for A" as that of the massless case.

Next, let us turn to terms quadratic in W'. They are of the same form
as the massless ones, and can be treated as in Section 11 of Ref. 16:

7" LZI" }“" 2 2 7 13\2 T2 T2
Wi=|de| SE-T (L6 —127), ., |+ X (W34 W)
Y
In addition, here we have the JE term. By the result of Appendix B,
5E=[%<c— D[ de @uy— 4t | do (w;f]

=@ oL o)

W= o B

As in Section 11 of Ref. 16, we can extend
—(®"+, 5, (1)"+1)+z W,
to ¥e@W)(D,L~"*"1A4) as
[ Aol e @) = )W o

—%(CD"“, 51’ (I)n+1)+z W’QY
Y

= 15¢ [ da (B < coporer + 300 [ d (W)l one

+ irrelevant terms



Logarithmic Corrections in 4D ¢* Spin Systems. | 81

and we obtain

(quadratic in ¥’ in V1)
[ do IR~ WO, + K- ou— 1)

+ J dz (0 ) [H{~1+{ dc)] + irrelevant terms

|6¢] SO (no+n) ™", oul < O(1)(no+n)~""

‘We choose
1—{=(de, [ Lu=p—-op

and get

(quadraticin ¥ in V"t 1)
= -4 j dz (Y Y(F),) ., + irrelevant terms
with
I~ 1] < (np+n)~3"7

and
F=ULu+opy=Lu+op",  10p*<(ng+n)~"?

Now that we have fixed 2" and 7', we can proceed to the large-field bound.
Since this can be treated in exactly the same way as in Section 10 of Ref. 16,
we omit the details.

5. TRAJECTORY IN REGION Iil

Here we investigate a noncritical trajectory far from the critical one.
We will be rather sketchy, because this is an easy exercise of the methods
already presented.

We use the following inductive proposition.

Proposition 5.1. Suppose #" satisfies F, and G,. Then #"*!
satisfies F,, ; and G, , except for G1,,,. Here the recursion RN,
also holds.

Proof of Theorem 2.2(iij), Assuming Proposition 5.1. As in Sec-
tion 4, the proposition itself iterates only if we can prove, in addition, the
bounds G1,,, ;.

822/47/1-2-6
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By RN and Gl for i (n}=n, + &(ng+n,)),

/ln+1 = Lzﬁn + 5u5 Z %Lz(%Lz)n_niﬂn’

1
Moreover,

n

Y 6,

k=nj

M‘nJrlwini\: S2(”0“{—’1/1)73/2

Combining this with the bound El on 4,, we can get the desired
bound. |

Proof of Proposition 5.1. First note that Assumptions F and G are
almost the same as D and E. Thus, along the same line of argument as that
of Section 4, we can easily prove Proposition 5.1, but with the recursion
RN replaced by RM. Our remaining task is therefore to improve the recur-
sion RM into RN. This is easily done by the following arguments.

1. Estimation of W’. Contributions to ¥’'? and ¥'* from W’ except
for

i r4_£ 7 12
~Jd¢[4!‘l’ 9. ]

contain at least one %-% contraction, and are of order (see
Proposition A.3)

|g~(un)| ~ut < (2/L)2("" n)
2. Estimation of p,.. First change the definition of y, as
1 =1 alpulng+ni) " (Lj2)" "< Z,
< (upu+ D)(mo +ny) A(Lj2)" "]
Then terms with 70 become of the order

exp |:— (ng +n)A(L2)r ="y pi}

On the other hand, because .# ) < O(u~'?)exp(— Bz —u|) and we
expect

|810°] < (g + 1) ~¥(2IL) "0
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we can still allow s, 7 to take such large values as
|$peel < (L/2) = "22r exp[3d(Uy, Uy)]
[t < (L/z)(nfni)/z(no + ”,1)3/2 exP[%ﬂd(Uk; Up)l

Then cach s- and z-derivative provides us extra (2/L)"~ "1/ factors com-
pared with the result of Section 4.

Terms (contributing to ¥'? or y'*) without s- or z-derivatives are
evaluated explicitly, and are also shown to have extra factors (2/L)" "2,

3. Summary. As a result, for terms in W7 contributing to ¥'* or ¢,
we have at least one extra (2/L)"~ " factor compared with those of Sec-
tion 4. We thus have

16p° < (|0p] of Section 4) - (2/L)~"1?
and
|04°] < (164] of Section 4) - (2/L)¢~ "

and the proposition is proved. |

6. REFINED BOUNDS ON THE MOTION OF A, AND p,,

We have proven a rough picture on the trajectory in Sections 3-5.
Now we can refine the result and derive more detailed information on the
motion of 4.

6.1. Bounds on n,

Proof of Theorem 2.3(i). This follows easily from the rought bounds
(2.3) on the motion of Au,. Combined with the definition of »,, they yield

H2LY)" 2 |dp, | 2 (npg+ny) ! (6.1)
W(L22)" <Aty o] S (g +1;— 1) < () ™ (6.2)
To get the lower bound, we subtract In(#n,) from both sides of (6.1):
nyIn(2L*) +1In [(ng+n,)/ne]1 = |Int] —In ng
Since In(1 + x) < x (for x = 0), we have

, |In ] —1n #n, >lln tl —1Inng
"“In(2L*) + 1/n,” 2InL+1

The upper bound can be obtained in a similar way. |
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6.2. Refined Bounds on Ap,,

Theorem 2.3(ii} is proved by the following two lemmas.

Lemma 6.1. Consider the case when |[7] < (10r,) . Define

n—1 n—1
SnE Z ]k, Tn§ Z Ik/Sk
k=0 k=1
Then (1) (4,)criticar Satisfies

Jo {é Ao+ 38, +4L(ne +n)* — (ng)*”]
"Lz A5 3, 3 (me + 1) — (10)¥°]

(ii) Au, satisfies (for n<n,;)
Aﬂn =L eXp{ -‘Fn}
with

i

-1
F,—3 eI} <12(np) ™!

k=0

and
|[F,—4iT,|<C+C'lnn,
where C and (' are positive constants depending on L.
Lemma 6.2. For n<ny,
nl_<S,<nl,

For 17<n<n,, we have (1)

nl, +151_ —161, <S,<nl, + 151, — 141,
and (ii)

n—16+151_/I < S, /I, <n—14+4+ 151 /I_
and (iii)

< In(n— 16) + 109R + In(R/15)
"2 In(n— 14+ 15R) + 109/R + In(3 + 15R)

where IS R=7 /I_ < 0.

Hara

(6.3)

(6.4)

(6.5)

{6.6a)

(6.6b)

(6.7)

(6.8)

(6.9)

(6.10)
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Theorem 2.3(ii) is an immediate consequence of Lemmas 6.1 and 6.2.

Proof of Lemma 6.7. (i) Taking the inverse of both sides of R1, we
have

AT = AT 4 (=312 + 641 ]!

Since I is of order 1, and 54! of order (n,+n)~'”°, we can use

1
1+x<—1 <14 x+2x2 for 0<x<1/2
— X

to obtain
AT 4312 -8 SV < AT+ 312 — 54 + 221, )?

Summing these inequalities from n=0 to n— 1, we obtain

n—1
Y=gtz Y (3L/2—64%)
k=0

>35,/2=3[(no+n)** — (ne)*”]

where we used the bound |54} < (ny+ k) 1%
The upper bound is obtained similarly. |
(it) Multiplying the recursion for Au,, 0<k<n—1, we obtain
A.u nilA.uk+1 2 HVI< ﬂvklk
— =1l ——=L" 1———+5#2>
! kl;[() Apy kE[o 2
=L"exp(—F,)
Using —x —x*><In(1 — x) < —x for x< 1/2, we obtain

n—1

—F,= Y In(1 = 2,1/2 + 81°2)
k=0

<12 i [—Axdi+ (o + k)% + (no + k) =81 4u| ]
k=0

n—1

21/2 Y [~ hede—20n0+k) 7% — (ny+ k) =6 | Au|>*]
k=0
By the rough bound on 4y,

(A, | (L2[2)F 7!

[l <
<(ng+ny—1) L2y —m+!
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and

Y (o +k)VolAp, ]

< (n0)~1/6(n0+ n;—1)

<2(no) ~**

It we estimate other summations over k similarly, we obtain (6.6a).

k=0

—2/3 nil (L2/2)2(k7n1 + 1)/3

Hara

To prove (6.6b), we have to estimate the difference between > 1,/,/2

and T,/3. First,

Y L2 T3 ]

k=0

n—1

k=1

n—1

z [A/2—(3S,) "1, + Aklk/zi

Z [4/2—(3S,)™ ]‘ %(”0)_1/2

Then use the bound (6.4) on 4, and estimate the summation.

Proof of Lemma 6.2. We use the uniform bound 7 </,<[7,
together with the limiting property of 7,

exp(—2L7 "< I/I, <exp(2L’~"?)

which is proven in Appendix C.

Condition (6.7) is immediate from the definition of S,,.

n—1

14
() S.< Y L+ Y L<ISIL+
k=0

k=15

<ISI, +(n—14)I,

Similarly for the lower bound.
(ii) We have

n—1

n—1

)

k=15

n—1

1, exp(2L7~%?)

n/I - Z Ik/In\ Z I+/I + Z exp L7 k/2)

k=0 k=0

k=15
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and (iii)
n—1 n—1

T,= Z (Sk/Ik)71:Z(“')+ Z ()

Use the bound (ii) and estimate the summation. J

6.3. Bounds in Region I!
To trace the trajectory in region II, we use the following lemma.

Lemma 6.3. Let 0<r<(n,) " Then for 0 <m< 5(ny+n,),

__92_L2m<ﬁn1+m<_1g 2m
1007 T 4, 100

Theorem 2.3(iii) is a direct consequence of this lemma and the rough
bound on Ay, .

Proof of Lemma 6.3. By the recursion for i, we can casily derive the
rough bound:

(L/2)™ < fi, 4l fly < (2L2)"

and the expression -~ o
P s _ o Hl (1~ o )
tanl k=0 Lzﬁnl +k

Estimating the product by taking the logarithm, with the bound
|00/ L2 1] < (ng + ny)(no +n) ~¥2(L2/2)" ="

we can derive the lemma. J

7. THE INFINITE-VOLUME LIMIT OF p_(A; Ap)

Proof of Theorem 2.5. Take two tori A' and A? of side L™ and L"?,
respectively (for definiteness we take N, <N,), and apply n BSTs
(n<N,—N,) to @* systems defined on A' and A2 respectively. We
abbreviate

wWr=pisAY),  wr=pli; A7)

We also denote by u, ,; the coefficient u, obtained by applying n BSTs to
o* system on A’ with u, =y’ By definition of y.(4; A),

(:ui)n,/lle [—(n0+n)‘3/2’ (n0+n)73/2]51n (71)



88 Hara

for n< N, — N, and n < N,— N,, respectively. Now consider the identity
‘H;,Al - :ur%,/lz| = |l‘y1.,/11 - ﬂ;lq,AZ + .u:;,AZ - :ui,AZ[

Fix »n sufficiently large, and choose N, sufficiently large (compared with #)
so as fulfill

s a1 — oy ol < (g +n)~ 2

(That we can choose such N, is a consequence of the analysis of Gawgdzki
and Kupiainen. See Ref. 16, Section 12.) Then for (7.1) to hold, we must
have

1#:,,/12 - ﬂi,/ﬂ| < |lu’rlz,A1 - :“;21,/121 + l”rll,/t‘ - url1,./12|

<3(ny+n)~*? (7.2)
On the other hand, for the difference of the LHS, we have [see (2.3}],
2 — g2l = (L2/2)" |t — 2|
Thus, for any n,
[r(AY) = p(A?) S 3(2L72) (g + 1) =2 (7.3)

holds for N,, N, sufficiently large (depending on #). This immediately
means that the existence domain of u.(A) shrinks to some point in R when
A-Z* |

APPENDIX

In this appendix, we list and prove some of the necessary properties of
Gaussian propagators, kernels, and integrals. We first list some formulas
and abbreviations concerning the Fourier transformation, on which the
analysis heavily depends.

We use the following abbreviations:

_ 7% sin(p,/2)
fm=1T1 Trsntp. 2L

v=1
d

g.(p)=2L"" Y% [1—cos(p,/L")]

v=1

d
g (p)=pe+2 Y (1—cosp,)

v=1
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Fourier representations of various kernels are found in Refs. 11 and
13. We here present only that of G,, on which we will prove somewhat
detailed bounds. G of infinite volume with infrared regulator £ is given
by
g dp .
Gw:6) (W)=J i G )
( ! )Ox [—nm)d (2n)de § (p)

. Lf(p+2n1)]°
G ) —
) 14l §Lﬂ/zﬂ+5'5p,0 >i{aLrr sin[ (p, +2n1,)/2L"]}?

Bounds on finite-volume G, are obtained by periodizing GY¥). That is,

(Gn)xy= Z (GSV))X,)‘+R

Re LN-nz4

A1. Bounds on Gaussian Kernels

Proposition A.1. For p>0, the massive Gaussian kernels satisfy
the same bounds as the massless ones, i.e., (2.42)—(2.46) of Ref. 16.

Proof. These are proven by the direct analyis in momentum space, in
eaxtly the same way as in Refs. 11 and 13. J

For the difference between two massive Gaussians, we have:

Proposition A.2. Let u', 4>20. Then the Fourier transform of
G satisfies: for |Im p,| <4/5, (Re py, paye, pa)E[—7, n ]9 1,

ILGE ()17 =[G p)1 M < |t — 2 n 74+ 4P (A.1)
Also, in configuration space,

(D), = ()| <t = 2702 a el (A2)

and similar bounds for the differences of

Ay —lyy 3yl — 08,9,
lz— y |z — ¥
hold.
Moreover,
(T, — (T, | <const: |u' — e F» ! (A3)

holds.
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Proof. This is also straightforward. Use the Fourier representation
and, taking all the necessary differences, follow the line of argument of
Refs. 11 and 13. |

When the “renormalized mass” p,, is quite large, the following is more
useful.

Proposition A.3. Let u>0. Then
(G¥)o, <min{n~", const(d) exp[ — (3u) *(Ix] . — 1)1} (A4)
where const(d) depends only on the lattice dimensionality &, and
[(A™), | <const(d, L) =" exp(—fiz— y|) (A.S)

where const(d, L) depends only on d and L.

Proof. (G*),,.<pu!is a direct consequence of the Fourier represen-
tation of G,. The exponentially decaying property is proven by a standard
technique of complex translation (see, e.g., Ref. 11). Bounds on .# can be
proven similarly. |}

We will use the following proposition in Part IL

Proposition A.4. Consider G with

1> 100 (A.6)
Then (i)
(= 21/ 1,) S (G < ! (A7)

(i1) For 1< x|, =max, |x,|,
(G)ox <1281, 37 exp[ — (1,/2)*(x; =1+ L™")]
and for x=(x,,0,0,0), x; > 1,

(G¥)ox > 107, + 3n%) 32

x exp[ — (u, + 3732 (x, — 1+ L™")] (A.8)
Further (ii1)
@ | oo e =0
(G(”))oo i Xl =1 (A9)

200, 2 expl — (1/2) (Ixl o — )], Ix[ 21
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Proof. We abbreviate G* as G,,.
(i) (G,)go is bounded by the direct analysis in the momentum space.
(it) We first rewrite G by introducing p, = p, + 2n1,:

ddm 1

- p
(G1)g, = L ny? T oxPiRx)

nLP, n‘L”)d t(ZTC

{[(M—L)QF@, x)

L"sin(p,/2L")
~ 4o , sin(6/2)  \?
Fun=[ e ()

1
“Bp) + (20" sin(02L") 12

Bp)=p+) (2L” sin ;Z )

Now writing
( sin{6/2) \*
L sin{G/ZL"))
=explif(1—-L ™)L Uil exp[ —i0L""(m+1}]

mi=0

and using residue calculus, we have (in the complex p, plane, contributions
from the path Re z= +nL" cancell)

B
4L2n

1—exp(—0;) |?
) {L”[I —exp(—f’*e@n}

—172
F(p,xl)x%[zs(w )} exp[ — folx, — 14 L")]

with

fo= L" cosh~'(1 + B/2L*)

Now estimating 6, and performing the integral over p, we can obtain the
upper bounds

(G o <Ap™ Y exp[ — (1/2)(x, — 14+ L™")]
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Similarly, for x=(x,,0,0,0,...),

>1(z>”-2exp{—m+ (d= D] 2(x, — 1+ L)
~6 [ut (d—Dn’]7 ~

I

[Note that because F(p, x,) is nonnegative, so is the integrand. So we can
get a lower bound by estimating some suitable part of the integration. ]

(iii} This follows immediately from (i) and (ii). §

APPENDIX B. RELATIONS BETWEEN W AND @

We first recall the result of Gawgdzki and Kupiainen.
Proposition B.1. Let u>0. Then

(@7, (GP) ", &)= Y oUGM)  en

x,y€ A,

- | S @+ uwey |

wn — M;u)q)ﬂ

Proof. Follows directly from the Fourier representations of G,
and «Z,. |}

We can thus express (@", (G#) !, @”) as a function of ¥" restricted to
A, D"

Now for the mutual difference between above quantities corresponding
to u' and u?, we have:

Proposition B.2. Let u!, u?>0. Then
(@, (G¥) ™, ")

'

=(@", (GY) L, ")+ (u! — ) | dav (y1)?

o o 1Phgn
— (u' = p?)X(", 31, B")
with
1(81,),, <const-e Fx—4
This expresses

dpceH(P") as duu(P") x exp(correction)
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Proof. By the definition, we have

(@, (GYY) 7, @")— (2", (G, &)

~(u' =) [ de (1)

v

= 3 ol

2
Y=ot | ‘" y.z€ Ay

with

L= (GY)2 — (G5 — (' — ) [ dew s 42,50 1)

R,z

By the Fourier transform,

[yzzLd(n~N) Z eip(y'nj(p)
pye2nlr—Nzd
|pol <7
with
I(p)=[G¥ (P =[G ()]
—2
—(u'=p) Y [Lz”u“z"“z’ <———p+2m> G;“Z)(p)}

Il < L2 L
x [ful p+211)]°

Now by tedious but direct computation, we can rewrite
I(p)=(u'—u?)* oI p)
with -
8I(p) =[Gy (p)]1 ' [G¥(p)] ™2

<Y Lfu(p +2mt) fulp + 27s)]°
S+ g p+2m) P[4 + g p + 2ms) ]’

gip+2nt)g,(p+2nt)— g (p+2ns)]
[u' + g, (p+2r0)1[p" + g.(p + 2ms)]

Now for this 5~I, Wwe can prove:

Lemma B.3. 6~I(p) is analytic for [Im p,|<é¢,(d), (Rep,,
Pares Pa)€[—7, m]? (g,(d) is same as & of Lemma A.5, Ref 11), and
satisfies there:

‘&(p)l <25+d7t7d+2(d+ 2)3

Proposition B.2 immediately folows from this lemma, by a standard techni-
que of complex translation. [
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Proof of Lemma B.3. The analyticity of o1 is proven in almost the
same way as Lemma A.1 or A.5 of Ref. 11. [Because the s=¢=0 term is
absent in the summation, the zeros of u+ g,(p+2nt) and u+ g,.{p+ 2ns)
never coincide in the denominator. Thus, they are canceled by zeros of
g.(p+2nt) or g,(p+2ns) in the numerator.] The bound on 46/ is proven
by establishing various bounds as was done in the proof of Lemma A.1,
Ref 11. |

APPENDIX C. PROPERTIES OF /,
We prove the following proposition.
Proposition C.1. Let x>0. Then for L > 100,
0<IWgI, =372+ In L (C.1)
For massless [,, we have more refined bounds
10 *(InL-3)<I, <1, (C2)

(We can thus choose /=102 for L3> 100.) As for the limit property of
massless 7, we have, for n > 15, N>30+4+2x and 15<n<n,

|in(Z,/1,)| <2L7~"? (C.3)

Proof. The proof is carried out by direct but tedious calculations. We
use the following abbreviations:

Y=

t re ZA 1| < L2

Y=

5 seZi s < LT12
Fp;ty=[fp+2n)1[g.(p+2mt)]""
G (p;)=[g(p+2n1)]""

We further abbreviate F,(p;t) and F,_(p;t) as F(¢) and F'(1), respec-
tively, and similarly for G’s.
We first express 7, as a sum of nine terms:

In = JC d$ j dy {2[(L2gn)LmLy - (gn-r 1)zy](L2n+2G0)L”+l.r,L”Hy

—-[(L2%),,., 1+ (%), 1%}
= 2(11;1 +[3n_14n + ISn) _IZn_Ién + 1, — I, + 19}1 (C-4)
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where
e 2 B g OIG(p;1)]?
— J4(n—N)
fn=t % Y Fp;1)
e (S s G p; 1«‘)]>2
I, = [in—N
o Z ( S F(pi )
Z":—:
P pe2ri~N24| py| < m,(3v,|pyl > /L)
and for i=3,4,.,9,
Ii,nELlunJrl*N) Z Tt,n(p)
pe2rlht1-Nzd ip | «n
with
¥ :Zt;éOFnJrl(p;Lt)[GrH-l(p;Lt):]z
Tl p)= S Fy o (0 LD)
¥ :zuéoFn+1(P;S)[Gn+1(P;5)]Z
Tulp)= S Fuii(ps)
7 (p):FnH(p;0)[Gn+1(p;O)JZZséLz4Fn+1(p;s)
EA S Fuii(pis) X, Fyupo(p; Li)
T ( )ZZIF'(LI)G’(LI)21¢0F’(Lt)G'(L(l)
S S A7) >, F(LD)
I.(») _ 2 F(8)G'(s) X0 F(5) G'(5)
T Y F(s) >, F(s)
T ):F’(O) G'(0) X, Xsve¢rzs FI(Lt) G'(Lt) F'(s) F'(s")
P = Yo Yoo F(L)F(LI)F(5) F(5)
5 CF(0)G(0) X, 2ssr2s F'(s)G'(s) F'(Lt) F'(Lt')
IQn(p):

2w Low F(L) F'(LU) F'(s) F'(s")
Now for these 7,,, we can prove:

Lemma C.2. ()0</,(i=12..,9)
(i) L,<1,, and Iy, 15, <Is,.
(iii) For L > 100,

0.0111n 0.095L +0.007<1,,<41In L+ 0.044

L, <(4L—2)7%, 1, <0.004, I, < 6.063
I, <I2L—1)72 1,,<0.164
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(iv) For L>100, N=n+40, and n > 10,
LT = 1] ST Y02 502

Proof. (i) Obvious (F,, G,=0).
(ii) Compare 7,, and T,,. Defining

T W)
=TS R
we have
I.(p)={GO)}*>r= ({G(N)} > ) =T(p) (C.5)

The second inequality is proven by explicitly calculating the difference
between I5 and I or Iy, and using

G, (P 8)< Gy i(p;0)
(iii) Straightforward calculation. Use, on occasion, representations
like (C.5).
(iv) Because all /;, are well defined and finite and have limits as

N—n— o0 and n— o0, this is a quite reasonable conclusion. To prove this,
use

A.
mln—<&——<max— for A,, B,>0
B, 3.B; B,

to bound the ratio I,,/I,, ., by the ratio of integrands /,,(p)/I,, . (p) for
|p,/=L""" The contribution from |[p,|<L”"" is extremely small
(relatively of order L~ %72, |

Now, by Lemma C.2, we can easily prove Proposition C.1. By (i) and
(i1), (C.4) can be bounded as
IL<2(,+1,,+ 1)+ 1, + 1,
<2I,+ 31, +21,,+1,,<372+3In L
Also,
I,21,— 21— I,

As for the limiting property, choose n> 15 and N = 2n + 30, and consider
15 < n<n. Then, writing

I 1 I
—= (211,n+1 = +>

In+1 In+1 Il,n+1
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and using the bounds (iv), we have
|In/1n+1 _ 1| S%(L227(N—n)/2+L7¥n/2)<L7—n/2

Thus, for 15<n<n,

r—1
< I"[ (1+L77k/2)

I r"—-l Ik k=n

1{1 k:n1k+1 n—1

> H (1—L7—*2)

k=n

Taking the logarithm (note that 7—k/2 < —1/2), we obtain

n—1

[In(Z,/1,)| < [L7-%2 4 (L7%2)21<207 "2 |

k=n
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NOTES ADDED IN PROOF

In this paper, we have introduced (as in Ref. 16) an infrared regulator
£=1 to make massless Gaussian propagator G, on a finite torus well-
defined. Note that Gaussian kernels <Z,, Q,, 4, do not depend on &. Also
note that the inverse of G, is well-defined without the infrared regulator.

Rigorously speaking, Eq. (2.30) of Ref. 16 (or Eq. (4.4) of this paper)
holds only for G, ! without the massless mode. To use Eq. (4.4), we add
and subtract L2~ *N=m(S p7)? from the effective Hamiltonian and
express its Gaussian part as (D", G, ', ") = (D", G{O, ") —
ELP W =m(S p7)2. Now the first term is handled by (4.4), while the
second term is exactly transformed into —(EL* 24 == o+ 12 If
we combine these two, we can obtain Egs. (3.1) and (4.8) with Gaussian
propagators G ! without the infrared regulator.

§22/47/1-2-7
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